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Objects

v

v

v

v

A baseline probability model
» controlled Markov process
Relative entropy
» quantifies statistical discrepancy between two models
A set of consumption plans
» each plan measurable with respect to history of Markov state

Sets of probability models surrounding a baseline model



Free parameter

EITHER:
» 1o (for “constraint preferences”)
» Discounted relative entropy pins down a fixed set of models
» 6 (for “multiplier preferences”)

» A fixed penalty parameter on contributions to discounted
relative entropy



Alternative preference orderings

» Constraint
» Parameterized by fixed discounted relative entropy 7
» Fixed set of models that is independent of consumption plan
» A Lagrange multiplier 6 on an entropy constraint. It depends
on
» 770
> the consumption plan
> Multiplier
» Parameterized by 6 € [0, +o0]
» Discounted relative entropy and associated set of models are
functions of consumption plan and 6



Baseline probability model

v

X; is sigma-algebra generated by x!.

v

v

Q is set of all infinite sequences x*°.

v

probability measure 7 is defined on (@, X).

v

qo(x) is a density for xg.

v

f(x*, x) is a transition density.

v

7(xt) is joint density over x* generated by (f, qo).

X is smallest sigma algebra containing x; for every t > 0.



Utility function and plans

> {c(x¢)}32, is a consumption plan
» u(c(x¢)) is a utility function
» 3 €(0,1) is a discount factor
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Likelihood ratios

v

{M}22, is a nonnegative martingale with EM;|Xp] =1
M; is a likelihood ratio for each t > 0

v

v

Distorted density over x! is

7(x") = Memr(x)

Mf - E[MOO|X1-]

where M*°(x>°) is a nonnegative random variable with
EgM>(x*>*) =1



Likelihood ratios

Represent {M;}2°, as
Mii1 = mep1 My
or

t
My = Mo [ mj,
j=1

where m;11 is a likelihood ratio that distorts the density f of x;11
conditional on X%, and where

/mt+1(Xt+1|Xt)f(xt+1|Xt)dXt+1 =1



Decomposition of entropy

o
Eo(M* log M) = " Eg[M:Ey(me 1 log myy1)],
t=0

where E; denotes an expectation conditional on A%.



Discounted entropy

o0
ZPH Eo[M:E:(m¢11log meta)],  p € (0,1)
t=0

> We'll set p=p
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Discounting?

Choice: what to discount and at what rates
» Period utilities?
» Multiplicative entropy contributions m;11?

We discount both with common fixed discount factor



Discounting?

When myy1 is not discounted, the minimizing agent exhausts his
entropy budget early

» that makes

lim Ei(msy1logm =0
eam t( t+1 108 t+1) )

so that concerns about robustness die at a rate that depends

on 3.



Constraint preferences

v(x0,m0) = min Zﬂt [ ulete) Mt ym(x ot

mf+1}t 0 ¢+

subject to
Mt+1(Xt+1)

/m(Xt+1|Xt)f(Xt+1|Xt)dXt+1

Z 5t+1 EO[MtEt(mt—H log mt+1)]
t=0

Mo

m(xe1]x )M(x")

1, t>0

Mo

1

13
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Constraint preferences

v(x0,m0) = min Zﬂt [ ulete) Mt ym(x ot

mf+1}t 0 ¢+

subject to

Mep1(x1) = m(xeralx)M(x")

/m(XH_l|Xt)f(Xt+1|Xt)dXt+1 =1, t>0

> B EMEd(mesalog meyt)] < o
t=0

St

My =1
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Lagrangian for constraint preferences

min  max Eg Z M, Bt [u(c(xt)) + B0myy 1 log mt+1] — Ono
t=0

{meady 0
subject to

Mepa(x1) = m(xea|x )M(x")
My =1
Eth_l = 1Vt > 0
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Multiplier Preferences

w(xp) = min Ey Z M, 3t [u(c(xt)) + B0myy1 log mt+1]

{mes1}2,y —0
subject to
Mepr (x5 = mxera|x)M(x")
My = 1

Eth_l = 1Vt > 0
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Indirect utility function

T(w(x"))(x) = —9|og/exp<_wo(x*))f(x*\x)dx*

= min / m(x™, x)[w(x™) 4 0 log m(x*, x)|f (x*|x)dx*

m(x*,x)
subject to [ m(x*,x) = [ m(x*,x)f(x*|x)dx* =1

The minimizing m is

oo —wr(x7)
ih(x*, x) o exp( 7 )
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Indirect utility function

T(w(x")(x) = —6log / exp<_W9(X*))f(x*|x)dx*

= min / m(x™, x)[w(x™) 4 0 log m(x*, x)|f (x*|x)dx*

m(x*,x)
subject to [ m(x*,x) = [ m(x*, x)f (x*|x)dx* =1

The minimizing m is

N —wr(x")
i(x*, x) o exp<T>

» Statistical version of Murphy's law

» Easy to compute
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Recursive version of multplier problem

Value function

w(x) = u(c(x)) + BT (w(x"))(x)

Associated minimizing likelihood ratio

v —wr(x)
ih(x*, x) o exp(T)
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Recursive representation of discounted entropy

Recursive representation:

o0

Ro =Y B Eo[M:Er(myi1log mey1)]
=0

ad M
_1
Ro = E lﬂTEo[ /\Tﬂo E; _1(my¢yr log mt+7')]
T=

o0

My
Re = Z BT E: [ tI\J;I - (Meyr log mt+7—)]
t

=1

M:R: = E; Z B"Meyr—1Errr—1(meyr log meir).

=1
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Recursive representation of discounted entropy

Re = BE;(met1[log mes1 + Rey1))
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Quiz

Does
Ry = ﬁEt(th[log mey1 + Rt+1]>

remind you of a “promise keeping constraint”?
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Recursive Represenation of Constraint Preferences

v(x, R) = u(c(x)) + nTli?rllB/m(X*’X)v(X*’ R*)f(x*|x)dx*
subject to
ﬁ/m(x*,x) [log m(x*, x) + R*(x*)] f(x*|x)dx* < R

/ m(x* X)F(x)dx = 1
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State variable degeneracy

vr(x,R) = —0

Staring implies that R is a function of x
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Exploiting connections

» Constraint problem
» The one we are really interested in, but ...
» It is difficult to solve directly
» Multiplier problem
> Less interesting than constraint problem, but ...
» Solving it is a useful intermediate step in solving the constraint
problem
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Magic three step process

» Fix 0 and solve Bellman equation for multiplier value function
w(x) and associated likelihood ratio m(x*, x).

» Compute implied relative entropy by solving this functional
equation for R(x):

R(x) = ﬁ/(m(x*,x)[log m(x*, x) + R(x™)]f(x*, x)dx*

» Check whether R(xp) =7

» if yes, then
v(x0,m) = w(x) + BR(x)

and B
0=20

» If not, try another 6.
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Why constraint preferences interest us more

» Key parameter of constraint preferences is Ry
» Ry is closely linked to statistical measures for discriminating
between statistical models
» This gives a way to pick plausible values of R
» If we compare alternative consumption plans c(x;), it is
natural to hold Ry fixed.
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Why constraint preferences interest us more

» Key parameter of multiplier preferences is 0

» There is no natural way to quantify 6 without consulting the
context, meaning the utility function, the set of consumption
plans under consideration, and the baseline transition density
f(x*, x).

> A fixed 0 can imply very different values of Ry different
contexts.

28



Two Preference Orderings

» v(x,m0) and w(x; @) induce different preferences over
alternative plans c(x).

» It is easier to compute w(x) than v(x, R).

» Fixed entropy ball R versus fixed “penalty parameter” 6
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