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Asset Pricing in Production Economies

@ Goal is to generate realistic asset prices and quantities jointly

@ Want to discipline choice of parameters

This paper: Estimates a model with Epstein Zin preferences and
production using Maximum Likelihood
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Ingredients

Epstein-Zin Preferences

Investment Adjustment costs
Exogenously specified inflation process
Third order approximation

Particle filter to evaluate the likelihood

ML estimation
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Epstein-Zin Preferences

e pis IES
@ 7 is Risk Aversion
@ [ is discount factor
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Technology:
log(zi+1) = A + log(z:) + 065,641
Cobb-Douglas Production
ye = ki (zele)' ¢

Capital Evolution:

ke = (1= 0) ke + G(£) ke

Adjustment costs:
1—1

G(E) = a+2 (%)

Aggregate Feasibility:
Gt+it = W
Exogenous Inflation:
log(mer1) = log(7) + p(log(me) — log(7)) + (Cwwei1 + Kooz€z 41)

+i(owwr + K102€2 1)
Budget constraint:

; ben 1 _ b
ettt ok = rtkt+Wt/t+pt
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Planners Problem

Vi = max{ctyit7kt+lvlt}Ut
St.

G +ip = ktc(zt/t)l_C .
kt+1 = (1—5) kt+ G(;Tl;)kt
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Bond Pricing

SDF:

1 7 1- 1-5
M — 5 C;J+1(1_/t+1) v ct Vt+1ﬂ/
t+1 cr (1=l " cer1 \ E[VIT]

t+1

One Period nomial bond price R; *:
) 1
= &

11
Et (MH'I Tt+1 Rt+1,t+1> - Rt,t+1

Pricing recursion:

1
Et (MH_l Tt41

or,

21 1 - 1
E: (Mt+17rt+1 Rt+1,t+m) T Ritem
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Equilibrium Conditions

Quantities:

2]

I Kqumkﬂuwuﬂawa)ﬂlw

A=

1 .
(£)" = ElMea(atki k)= + () @ -6+6 (£)]
C: + it = ktc(zt/t)174
Lrtr = (1-Qkiz ki *
kt+1 = (1 - 5) kt + G(;?i)kt

Prices
E: (Mt+1 Tyl Rt+11t+m> = Rr,lH—m
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Perturbation in General

The equilibrium conditions can be written as:

F(yt+1, Ye, Xe41, %) =0
The solution of the model is of the form:

Yt = g(XhX)
Xt+1 = h(Xt7X)+X€t+17

X is the perturbation parameter:

x = 0 — deterministic model

x = 1 — model you are interested in

Perurbation idea: approximate functions g() and h() by Taylor
polynomials about the point (xss,0)
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@ Build approximation sequentially

o If the k — 1™ order derivatives are known then the k* order
derivatives are X* in the linear system A(K) Xk = p(k)

o A(K and b(K) arise from taking the k" derivative of

F(g(h(XhX) +X€t+17X)ag(Xt7X)ah(Xt7X) +X6t+17xt) - 0
N——
Yt+1 Yt Xt+1

and substituting the derivatives found for orders k — 1 and
below
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Equilibrium Conditions

Denote vary = vary/z;—1
Quantity equilibrium conditions

F(ke, log(2:), x) = 0
Bond Pricing equilibrium conditions
F(ke, log(2:), log(mt),wt, x) = 0
Want Operator:
V() € k() 1) i) ARm() Yo

that solve the above system of equations
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Perturbation solution, y =

States deviations for quantities:
se = (ke — kss, log(2;) — log(Z:),1)
3rd order approximation of variable var € {V;, ¢t, Iy, it key1 }:
var(/?t7 log(2:),1) =~ vars + var; sssi + %var,-j,sss{s{ + %var,-l-hsss{'s{sl
State deviations for bond pricing:
sa; = (ke — kss, log(2;) — log(Zss), log(m¢) — log(7), we, 1)

3rd order approximation of variable var € { Ry t4m}:

k > ~ i1 i e
var(ki, log(2:), log(me),we, 1)~ varss + varj sssa) + 5 varj ssa;sa,
+ & varjj sssalsalsal

Fun Fact: ~ only appears in the 'constant’ term in the second order
coefficients, and 3rd order coefficients involving two derivatives wrt the
perturbation parameter
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Estimating parameters in a non-linear state space

Observables: Y;
Econometric States: S;
Vector of parameters: 6

Yt = g(5t7 Vt)
5t+1 = h(St, Wt+1)
Need to evaluate the likelihood:
p(Y1.7]0) = HtT:1 p(Yel Yi:e-1)
=TIy [ p(YelSe)p(St| Yae-1)dSe

This paper uses a particle filter to do so, then maximize this
likelihood.
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1 Slide on Particle Filtering

If we we had N draws, {SJ Y | where SJ ~ p(S¢| Y1:t—1), we can
estimate the likelihood by:

N

.
p(Yi.7|0) = H Z (Y:/S))

Through the use of propogation and resampling steps, a particle
filter allows us evolve a discrete approximation of p(S1.t—1|Y1:t—1)
to one of p(Si.¢|Y1:t), and along the way, compute the likelihood
contribution p( Y| Y1:¢-1)
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Observables

log ()
/Og(Yt 1)
Rt ta
Yt — Rt,t+8
Re t 12
Rt t+16
Rt,t+20
log(7¢)

Repeat exercise first omitting log (), then again omitting
(log(2), log(7), log(m:))
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bservables

[ log(Zss + cis + Scysish + %Cijlséytsf/) — log(&ss + & —1) + log(Z:—1) + A
F oo -
y st 4+ Lyisisd 4 Lyosislsl — log(yes + 7 log(Zi—1) + X e
Vss + Yisy + 3YijSest + gYijsisese — log(Vss + yr—1) + log(Z:—1) +
2 6
Ty V2t
Rﬁ:) + R,.(A)sa’t + %Rl?)sa’tsa/t + %R[.(j?)sa’tsaltsai
OuyV3
(8) 8) i o Lp®) i 4 1R®) il
Res’ + R; sa/t + §RU sa'tsit + ERU'I sa’tsajtsat Tuyva
oo o= (12) | p(12) iy 1p(2) i o 1p(12) i) +
Rss™ + R/. say + fRij satsit + ERijl satsaltsat Ougls,t
R(IG) + R.(le)sa" + lR(.lﬁ)safsaj + l.‘?(.lﬁ)sa"sivsal Tveto.t
55 i t T 21 59t T g Ny 595959t
. P P vy V7.t
Rgo) + Rf(zo)sa't + %R}fo)sa;salt + %Rﬁo)sa’tsa{sai
Owwt
log(7) + plog(t) + rolog(2t) + t(owwi—1 + K10zl0g(2:—1)) : B
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Econometric States

roker 7 [ kisi + 3hysist + Ehyisislst ]
log(z¢11) ozettl
log(mer1) log(7) + plog(me) + rolog(Z:) + L(owwe—1 + r102l0g(2—1))
Wetl Witl
1 1

S = & - cist + Seysish + Leysisls]

W vist + Syysish + Lysisls]
log(me) log(w7)
log (z) fog(:)

L we B L we -
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DEY#)

Yields
Cons. gr. Output gr. 1Y 2Y 3Y 4Y 5Y Infl. Hours
Mean 2.06% 1.67% 5.56% 5.93% 6.06% 6.15% 3.43% 49.99%
St.dev. 1.96% 3.74% 2.91% 280% 2.76% 2.712% 2.33% 1.12%
25% 0.98% -0.22% 3.42% 3.84% ¢ 4.03% 1.79% 49.36%
50% 2.11% 1.84% 5.36% 5.59% 5.71% 2.76% 49.99%
75% 3.25% 3.82% 7.15% 7.44% 7.67% 4.46% 50.79%

Table 1: The table reports the summary statistics of consumption growth, output growth,
bond yields, inflation, and hours worked. All statistics are expressed in annual terms. The
sample period is 1953.Q1 to 2008.Q4.
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Notes on Estimation

@ Measurement error added to all observables except for
inflation

@ St.Dev of measurment error set so that "the model explains
75% of the standard deviation observed in the data”

Labor not included in the observables but still influences v

Calibrated Parameters

= 0.3

= 0.029
0.955
= 1.009
= 0.045

NURSTE NRa
I
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Estimation Results

Data | Cons. gr., Output gr., Yields, Inflation | Cons. gr.. Output gr., Yields Yields
MLE Std.Error MLE Std. Error MLE Std.Error

3 0.0001 0.994 0.0001 0.0002
5 12.234 88.23 10.157 20.125
v 0.2124 2.087 0.2348 0.4614
T 0.0061 0.063 0.0071 0.0125
Ko 0.0088 -0.012 0.0045 0.0124
L 0.1018 -0.174 0.0598 0.0625
A1 0.0093 0.235 0.124 0.0897
o 0.0009 0.008 0.0008 0.0012
T 0.0002 0.003 0.0003 0.0005

Table 2: Point Estimates and Standard Errors

Jules van Binsbergen, Jesus Fernandez-Villaverde, Ralph Koijen, The Term Structure of Interest Rates in a DSGE Model with Re



Moments 1

Panel Means
Yields
Cons. gr.  Output gr Y 2Y 3Y 4Y 5Y  Inflation
Observed Data 2.06% 1.67% 5.56% 5.76% 5.93% 6.06% 6.15% 3.43%
All data 2.12% 2.11% 5.92% 5.98% 6.05% 6.09% 6.09% 3.67%
All data. but no inflation 2.12% 2.11% 5.63% 5 5.92% 6.04% 6.13%  3.65%
Yields 2.12% 2.10% 5.54% 5.74% 5.90% 5.99% 6.11% 3.68%

Panel B: Volatilities

Yields
Cons. gr. Output gr. 1Y Y 3y Y 5Y Infation
Data 1.96% 3.74% 291% 2.87% 2.80% 2.76% 2.72% 2.33%
All data 2.40% 2.91% 1.79% 1.64% 1.50% 1.38% 1.28% 2.32%
All data. but no inflation 2.54% 2.95% 3.28% 3.00% 2.75% 2.53% 233% 3.75%
Yields 2.32% 2.85% 3.31% 3.03% 2.78% 2.56% 2.46% 3.79%

Table 3: Means (Panel A) and volatilities (Panel B) of consumption growth, output growth.

five bond yields, and inflation.
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Moments 2

Panel A: Consumption growth

Lag length 1Q  2Q 3Q 4Q 5Q 6Q Q 3Q 9Q  10Q
Data 032 017 018 009 -003 006 001 -0.151 -0.04 0.01
All data 0.37 0.04 -001 -007 -005 -0.07 -0.03 -0.05 -0.06 0.02
All data, but no inflation 0.38 0.03 -0.01 -0.07 -0.06 -0.07 -0.03 -0.05 -0.06 0.02
Yields 048 007 -001 -008 -006 -0.07 -0.05 -0.06 -0.06 0.01

Panel B: 1-year bond yield

Lag length 1Q  2Q 3Q 4Q 5Q 6Q Q 8Q 9Q
Data 095 091 087 081 076 071 067 064 0.61
All data 096 092 088 083 079 075 0.7 0.66  0.62
All data, but no inflation  0.97 093 089 083 0.8 075  0.71 0.67 0.63
Yields 095 091 087 082 078 074 069 065 061

Panel C: Inflation

Lag length 1Q  2Q 3Q 4Q 5Q 6Q Q 3Q 9Q  10Q
Data 088 083 08 077 0.71 067 061 059 055 0.54
All data 0.80 077 074 069 0.66 0.63 058 054 050 047
All data, but no inflation 094 090 086 081 0.77 0.73 068 0.64 0.60 0.56
Yields 094 090 086 081 077 073 068 064 0.60 0.56

Table 4: Autocorrelation of consumption growth (Panel A), the 1-year bond yield (Panel B),
and inflation (Panel C).
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