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Introduction

@ Finding equilibria in repeated games with private monitoring is known
to be hard.

@ Infinite number of histories where incentives have to be checked, and
for each case beliefs have to be computed, which is a "difficult (if not
impossible) task”.

@ No recursive formulation for sequential equilibria in repeated games
with private monitoring.

@ For an important subclass of strategies, this paper provides readily
checkable and computable necessary and sufficient conditions for
equilibrium.

@ Develops new, recursive set based methods to compute equilibria.
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Model: Repeated Game [
o N players: i=1,... N

e Individual actions a; € A; (finite) and action profile a = (a1, ..., an)

@ Information structure:

» At beginning of game, each player receives private signal s; € S; where
S =51 x ... x Sy is finite and x(s) is the probability of s € S.

» Every period player i observes private outcome y; € Y; (finite) where
y = (»1, ..., yn) occurs with probability P(y|a) > 0 V(a,y) (full
support)

Let h,',t = (a,-,t,y,-,t) € H =A; xY,; and hf = (h,',o, . h,'7t_1).

o Payoffs: Period utility for player i is u; : Hiy — R
Expected lifetime utility is given by (1 — 8)E > ;2 ffuj ¢

Let a (behavior) strategy for player i be given by o = {0} +}32 such that
oit: Si X Hiro1— A(A)
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Finite State Strategies

A finite state strategy (or finite automaton) is defined by:

(/) Private state space Q; (with D; elements wj)

(ii) Function pj(aj|w;)

(iii) Deterministic transition fcn. wl.+ Qi x Hi — Q; where Hi =A; x Y;
(

iv) Deterministic mapping w? 05— Q;

Using this automaton representation the strategy is defined recursively in
the private states

oio(si)ai) = pi(ailw(si))
oit(wie)(ai) = pi(ailwit)
wit = wi(wit—1,35,Y;)
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Beliefs: Bayes' Rule Updating

Player i's belief over initial states of opponents, w_; g, are given by

- x(si,5-i)
mp(si)(w-i,0) = > > x(si5-4)

Player i's belief over w_; ¢, if beliefs over w_; ;1 were m; € AP-i and

observed h; = (a;,y;) are given by

>, Milw—i)Hi(w—j, ", hilo_;)
Yo mi(w—i)Fi(w—i, hilo_;)

s_j s.t. wg,—(s,,-):w,,-,o

B,-(m,-, h,-|a,,-)(w/,,-) =

where
Fi(w_i, hilo_i) = Z p—i(ailw—i)P(yi,y—ilai,.a—;)
(a—h}/—i)
Hi(w_i, ", hilo_;) = Z p-i(a—ilw-;)P(yi, y—ilai, a—i)
h_eG_j(w_jw’ ;lo_;)
Gi(w_iw_jlo—)) = {hi=(a_iy-Dwtw-r,a_iy—i)=w';}
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Beliefs: Bayes' Rule Updating Cont'd
Let

Bl (mi, hilo_;) = Bi(m;, hilo_;)
Bi(mi,hilo-i) = Bi(BI(mi,hi Yo i) hisoaloi) Vs> 2

Then, let player i's beliefs over w_;, conditional on observing s; and ht, be
given by

wi(si, hf) = Bf (mP(s;), hilo—s)

Let

EVi(wi(Shh ) Ml 517 i |U ZMI 517 , Vl(wl(shh ) w— I|U)
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Equilibrium Concept

DEF: A correlation device x and finite state strategy o (with beliefs u)
form a Correlated Sequential Equilibrium (CSE) of ™ if Vi, t,s;, hf, and
arbitrary o,

EV,'(Q),'(S,', hlt)7 /«Li(sia hf)|0-) > E\/i,t(si’ hltv /.L,'(S,', h/t)|ala U—i)

One-shot Deviation Principle: Suppose a correlation device and a finite
state strategy o satisfy Vi, t, s;, hf, and arbitrary 3,

Evi(wi(si, bi), pi(si, b)lo) > > pilsi b)) (w-){D_ p-i(a—ilw-1) Y P(ylai,a-)

(1 = B)ui(@, yi) + Bilw; (wilsi, hi), 3, yi), w!i(w—is ai, y-i)lo)]}
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Set Based Methods

Let M;(w;) € AP~ be a closed, convex set of beliefs.
Let M; be a collection of D; sets, M;(w;), one for each w;. and let M be
the space of M;.

Consider T : M — M such that
T(M;) = {T(M;)(w)) : wj € Qi}
where

T(M;)(wh) = co({m}|3w; € Qj, m; € M;i(w;) and (a;, y;) € Gi(w;,w)|o})
such that m; = B;(mj, a;, yilo_i)})

Let TY(M;) = T(M;) and for n>2, T"(M;) = T(T"Y(M;)).
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Fixed Point of Operator T

e T is a monotone operator, i.e. if M? C M} then T(M?) C T(M})

@ By Tarski's Fixed Point theorem, 3 a unique greatest FP, which we
denote M;.

Letizi denote the collection ofB; Dj-dimensional unit simplexes. Since
T(A;) C Ay, then lim,_oo T"(A}) = M;.

Let 7 be the invariant distribution for a finite state Markov chain given by:

7(w,W'Q, p,w™) = > P(yla)NiL pi(aifw:)
(a,y) st. (ai,yi)eG(wiw))

Consider S = Q, x =, W(s; = w;) = w;. Let My i(w;) = {mP(s; = wi)}.

Lemma: Vi, M ; C T(My ;)
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Sufficient Conditions

Theorem 1: Consider behaviors for players i = 1,..., N described by a
state space Q2 = Q1 x ... x Qu, action probs. p = {pj(a;|lw;)}¥; and
transition fens. wt = {wi (w;, aj, y7) Y, If

EV,‘((J.),'7 m,-|0) > Z mi(w—i){z p,,—(a,,-‘w,,') Z P(y‘/a\h a*f)

w_j

[(1 - ﬁ)ui(si,}/i) + /Bvi(wlf(wf»/a\hyf)aWtf(w*l} a*iay*i)|o-)]}
Vi, 3a;,w; and m; such that:
(a) m; is an extreme point of a set M;(w;) such that M;(w;) € M;(w;)

(b) mj is an extreme point of M} ;(w;) where M ; = limp_.cc T"(My;).

Then, 3 starting conditions (signal space S, probs. x(s), fcns. w?) such
that x and o defined by (Q, p,w™,wp) form a CSE
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Necessary Conditions

Theorem 2: Consider behaviors for players i = 1,..., N described by a
state space Q2 = Q1 X ... x Qp, action probs. p = {pj(a;|lw;)}¥; and
transition fens. wt = {wi (w;, aj, yi) 1Y,

Suppose Vi and ) # M; € M, lim,_., T"(M;) = M;.

Then, 3 starting conditions (signal space S, probs. x(s), fcns. w®) such
that x and o defined by (Q, p,w™, wp) form a CSE only if

Evi(wi, mj|o) > Z m;(w_,'){z p—i(a=ilw=i) Z P(ylai,a-i)
[(1 = B)ui(Gr, yi) + Bi(w; (wi, 3, yi), wl (w—is ai, y—i)|o)]}

What conditions ensure lim, o T"(M;) = M; Y0 # M; € M?

Assumption: Strategy profile ¢ is connected, i.e. 3 L : Vw?,w,-l € Q;, we
can transit from w;g = w? towj = w,-l in L steps.
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Example
Consider the following repeated game:

e Each players i € {1,2} can take action a; € {C, D}

e Each player can obtain a private outcome y; € {G, B} and P(y|a) is
such that if m players play C

Output Probability
GG pm(l _5)2+(1 _pm)82
GB pm(1_€)5+(l_pm)(1 —{5){5
BG pm(l =€)+ (1 — pm)(1 —c)e
BB pmf':2 + (1= pm)(1 - 6)2

@ Parameters: 6 =0.9, pp = 0.3, p1 = 0.55, p, =0.9

o Payoffs: wui(aj,yi) =1y,=¢ —0.4-1,—¢
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Strategy: Tit-For-Tat

e Q;={R,P}
o pi(CIR) =1, pi(D|P) =1
° wfr(w,-, aj, G) = R, w,?L(w,-, aj,By="P
e Since D_; =2, M;(w;) is simply a closed interval specifying range of
probs. player —i is in R, given player i is in state w;.
» Compute M;(R) and M;(P) as lim,_.o, T"(M;) = M; for any M; # ().

» Check incentive constraints using as beliefs extreme points of M;(w;)
for w; € {R, P}

» If ICs hold, Theorem 1 delivers one starting condition: S =Q, x =
where 7 is the invariant distribution of joint states w, and
W(si = wi) = wj.

i
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Strategy: Tit-For-Tat

MP) M®)

036 —— ———, 189 704 523 -
0}

MKP) M{R)
Tit—for-Tat, €= 0.025

057 262 883 A 955

M}:(P) ' Mgm

Tit-for-Tat, e=0.04
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Concluding Remarks

@ Set based methods can be applied to broader set of strategies
@ If ICs hold strictly, this CSE is robust to small perturbations of:

» Stage game payoffs or discount factors

» Monitoring technology (function P(y|a))
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