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What is the paper about?

• Investigates the relation between interest rate volatility and the
cross-section of bond yields.

• Two facts:
• Three factors are needed to capture variation in bond yields.
• Interest rate volatility is stochastic.

• In the standard affine models state variables that drive changes
in interest rate volatility play a ‘dual role’ in that they also drive
changes in bond yields.

• Questions?
• Can the variance state variable in standard affine models satisfy

its dual role?
• Investigate a subset of the affine class that displays ‘unspanned

stochastic volatility’.



Overview

• Affine Term Structure Models
• Unspanned Stochastic Volatility
• Data
• Estimation Algorithm
• Some Results



Affine Term Structure Models

The time-t price of a zero-coupon bond that matures in τ periods.

P (t, τ) = EQt

[
e−

∫ τ
t
rsds

]
The instantaneous short rate is an affine function of a vector of N
state variables Xt.

rt = δ0 + δ′xXt

Xt follows an “affine diffusion”

dXt = KQ(ΘQ −Xt)dt+ Σ
√
StdZ

Q
t

S is a diagonal matrix with the ith diagonal element given by

[St]ii = αi + β′iXt



Affine Term Structure Models

Zero coupon bond prices

P (t, τ) = eA(τ)−B(τ)′Xt

where A(τ) and B(τ) satisfy the ODE’s:

dA(τ)
dτ

= −ΘQ>KQ> +
1
2

N∑
i=1

[
Σ>B(τ)

]2
i
αi − δ0

dB(τ)
dτ

= −KQ> − 1
2

N∑
i=1

[
Σ>B(τ)

]2
i
βi + δx

and initial conditions:

A(0) = 0, B(0) = 0



Prices of risk in the model

The state price deflator πt has dynamics given by,

dπt
dt

= −rtdt− Λ′tdZ
P
t

ZPt follows a Brownian motion under the physical measure.

The dynamics of the state vector under P are.

dXt = ((KΘ)Q −KQXt))dt+ Σ
√
StΛtdt+ Σ

√
StdZ

P
t

Instantaneous bond price dynamics can be written as

dP (Xt, τ)
P (Xt, τ)

= (rt + eτ,t)dt+ ντ,tdZ
P
t

where

eτ,t = −B(τ)′ΣStΛt



Am(N) admissible models of Dai and Singleton

• The parameter vector Φ ≡ (K,Θ,Σ, β, α) might not be
admissible.

• [S(t)]ii may not be positive over the range of X.
• Admissibility is an issue only when βi 6= 0.
• Impose constrains on the drift parameters (K and Θ) and

diffusion coefficients (Σ and β).
• Let m = rank(β). Dai and Singleton denote as Am(N) the set of

admissible models with N factors.

An admissible system is still subject to invariant affine
transformations.



State Vector

Choose a representation for the state vector in which each state
variable has a clear economic interpretation.

Xt = [rt, µ
Q
t , θ

Q
t , Vt]

′

where,

rt = Yt(0)

µQt = 2
∂Yt(τ)
∂τ

∣∣∣
τ=0

θQt = 3
∂2Yt(τ)
∂τ2

∣∣∣
τ=0

Vt =
(

1
dt

)
dr2
t



The A1(3) model

State vector is: Xt = [rt, µ
Q
t , Vt]>

1
dt
EQ[dXt] =

 µQt
m0 +mrrt +mµµ

Q
t +mvVt

γV − κV Vt


and

1
dt

Cov
(
dXt, dX

>
t

)
≡ Ωt = Ω0 + ΩV (Vt − V )

V is the lower bound of the Vt process and,

Ω0 =

 V crµ 0
crµ σu 0
0 0 0

 and ΩV =

 1 crµ crV
crµ σµ cµV
crV cµV σV





The A1(4) model

State vector is: Xt = [rt, µ
Q
t , θ

Q
t , Vt]>

1
dt
EQ[dXt] =


µQt

θQt + Vt
a0 + arrt + aµµ

Q
t + aθθ

Q
t + avVt

γV − κV Vt


and

1
dt

Cov
(
dXt, dX

>
t

)
≡ Ωt = Ω0 + ΩV (Vt − V )

V is the lower bound of the Vt process and,

Ω0 =


V crµ crθ 0
crµ σu cµθ 0
crθ cµθ σθ 0
0 0 0 0

 and ΩV =


1 crµ crθ crV
crµ σµ cµθ cµV
crθ cµθ σθ cθV
crV cµV cθV σV





The A1(4) Unspanned stochastic volatility (USV) model

Motivated by the fact that the factors that explain variation in yields
account for only a small part of the variation in interest rate options.
Imposes very tight parametric restrictions

ar = −2c2rµ(3crµ − aθ)

aµ = 72
rµ − 3crµaθ

aV = 3crµ

σµ = c2rµ

σθ = c4rµ

crθ = crµ2

cµθ = c3rµ

Proposition

P (t, τ) = exp
(
A(τ)−Br(τ)rt −Bµ(τ)µQt −Bθ(τ)θQt

)



Data

• Weekly LIBOR and swap rate data from 1998 to 2005.
• Zero coupon yields are first bootstrapped.
• Models are estimated using data from 1988 to 2002.
• Data from 2003 to 2005 is saved for out-of sample analysis.



A Metropolis within Gibbs MCMC algorithm

• Given a panel of zero coupon yields Y T = [Y1, Y2, ..., YT ] the goal
is to compute

p(φ|Y ) ∝ p(Y |φ)p(φ)

• Augment the observable data with the term structure factor data
XT = [X1, X2, ..., XT ].

• Integrate out the X ′s using a Gibbs sampler that alternates
between performing draws from p(φ|Y T , XT ) and p(XT |Y T , φ).

• Further break up the parameter vector into three components
φQ,φλ,andφΛ.

• Decompose the state vector as:

Xt =
[
X0
t

Vt

]
• Vt, φQ are drawn using a MH algorithm.



In and out-of-sample yield fit



Correlations of observed and model implied time series



out-of-sample volatility forecasts



Model versus actual volatility


