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The model

� t = 0, 1, 2, ...
� Single, non storable consumption good, yt = y
� Continuum of consumers

� Preferences

E

 
∞

∑
t=0

(1� β) βtV (ct ) θt

!
V 0 > 0, V 00 < 0, θt 2 Θ = fθ1, ..., θng

Pr (θt = θi ) = µ (θi ) for all i = 1, ...n and all t

� Endowment: w 2 D � R

Pr (w 2 A) = ψ (A) for all A � D

� θt is private information.
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Planner�s Objective

Minimize constant y to attain a certain distribution ψ given the
information available.
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Reporting Strategies

� Reporting strategy:

z =
�
zt
�
θt
�	∞
t=0

� Truthful reporting strategy: z� =
�
z�t
�
θt
�	∞
t=0

z�t
�
θt
�
= θt 8t, 8θt 2 Θt+1.

� Reporting history: z t = fz0 (θ0) , ..., zt (θt )g
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Plan

� Plan: u = fut (w , z t )g∞
t=0 such that

lim
t!∞

βt
∞

∑
s=0

βsut+s
�
w , z t+s

�
θt+s = 0

where ut (w , z t ) = V (ct (w , z t )) .

� Expected discounted utility

U (w , u, z) � E
 

∞

∑
t=0
(1� β) βtu

�
w , z t

�
θt

!
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Allocation

A plan u is an allocation if it satis�es

(i) Truth Telling:

U (w , u, z�) � U (w , u, z) for all z 2 Z and all w 2 D

(ii) Promise keeping:

U (w , u, z�) = w for all w
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Planner�s Problem

min
u2A

y

such thatZ
D�Θ

C
�
ut
�
w , θt

��
dµ (θt ) dψ (w) � y for all t

where C (ut (w , z t )) � ct (w , z t ).
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Allocation rule

A sequence σ = fft , gtg∞
t=0 is an allocation rule if it satis�es

(i) Promise keeping: 8wt , 8 tZ
Θ
[(1� β) ft (wt , θt ) θt + βgt (wt , θt )] dµ = wt

(ii) Truth telling: 8 zt 2 Θ, 8wt 2 D, 8t

[(1� β) ft (wt , θt ) θt + βgt (wt , θt )] dµ �

[(1� β) ft (wt , zt ) θt + βgt (wt , zt )] dµ

(iii) Boundedness: limt!∞ βtgt
�
wt (w0, z�t�1), z�t

�
= 0.
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Planner�s Problem

min
σ2R

y

such that for all tZ
D�Θ

C (ft (wt , θ)) dµ (θ) dψt (w) � y

where

ψt+1 (w) = Sg (ψt ) (w) �
Z
D�Θ

I fwt : gt (wt , θ) = wg dµdψt .
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Equivalence

� R (y ,ψ) : be the set of allocations /allocation rules that
attain ψ with resources y .

� Then,

u 2 R (y ,ψ) �! σ 2 R (y ,ψ)
σ 2 R (y ,ψ) �! u0 =

�
ft
�
wt (w0, z t�1), zt

�	
2 R (y ,ψ)

where
gt (wt , zt ) = wt+1
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Bellman Equation

ϕ� (ψ): minimum cost of attaining a distribution ψ.

ϕ (ψ) = inf
f ,g
max

�Z
D�Θ

C (f (w , θ)) dµ (θ) dψ (w) , ϕ� (Sgψ)

�
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Problem T

Lemma 4.1 ϕ� is a �xed point of T where

(T ϕ) (ψ) = inf
f ,g2B

max
�Z

D�Θ
C (f (w , θ)) dµ (θ) dψ (w) , ϕ (Sgψ)

�
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Problem T

Lemma 4.2 If there are functions ϕa, ϕc and ϕ such that 8ψ

� ϕc (ψ) < ϕ� (ψ) < ϕa (ψ)

� limn!∞ T nϕa (ψ) = limn!∞ T nϕc (ψ) = ϕ (ψ)

Then, ϕ = ϕ�.

� Candidates:
� Autarky: ϕa (ψ) =

R
D C (w) dψ

� Complete insurance: ϕc (ψ) =
R
D�Θ C (uc (w , θ)) dψdϕ
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Example: log utility

� V (x) = log (x) , C (u) = exp (u)
� Bounding functions

� ϕa (ψ) =
R
D exp (w) dψ

� ϕc (ψ) = α
R
D exp (w) dψ where α = exp f�E [θ log θ]g

� The degree of inequality grows without bound when
resources are e¢ cientrly allocated.
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� Lemma 3.1 8 ψ 2 M, if u 2 A attains ψ with resources y , 9
σ 2 R that attains ψ with resources y .

� Lemma 3.2 8 ψ 2 M, if σ 2 R attains ψ with resources y
and u = is the utility plan generated by σ, then u 2 A and
attains ψ with resources y .
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