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Predictive Regressions

yt = α + βxt−1 + ut,

yt is a change in an asset’s price.
xt−1 is a lagged variable related to asset prices.

• E[ut|xt−1, xt−2, . . .] = 0 and β̂ (the OLS estimator of β) is
consistent.

• However, since E[u|x] 6= 0, β̂ is biased.

This paper

1. Finite sampling distribution of the OLS estimator β̂.

2. Bayesian approach with ‘non-informative’ priors.

3. Portfolio Problem.



Distributional Assumptions

yt = α + βxt−1 + ut,

xt = θ + ρxt−1 + vt,

(ut, νt)
′ is i.i.d. normal with mean zero and covariance matrix
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It is also assumed that the regressor is stationary |ρ| < 1.



Finite-Sample properties of β̂

E(β̂ − β) =
σuv

σ2
v

E(ρ̂ − ρ)

The bias in ρ̂, to order 1/T , is −(1 + 3ρ)/T . Kendall(1954).

Thus

E(β̂ − β) = −
σuv

σ2
v

(

1 + 3ρ

T

)

+ O(1/T 2).



Finite-Sample properties of β̂



Bayesian Approach

The posterior for b = (α β θ ρ)′ and Σ is given by:

p(b, Σ|D) ∝ L(b, Σ; D)p(b, Σ),

D is the data, which consists of z = (y′ x′)′ and the initial observation
x0.

The Bayesian estimator of β is taken to be the mean of the marginal
posterior E(β|D).

4 different posterior distributions.

• Specification of the likelihood.

• ’non-informative’ priors.



Bayesian Approach

The conditional likelihood (assuming x0 is non-stochastic):

Lc(b, Σ; D) = p(z|xo, b, Σ)

= (2π|Σ|)−T/2 exp{−1/2(z − Zb)′(Σ−1 ⊗ IT )(z − Zb)},

where Z = I2 ⊗ X ,

The conditional likelihood is maximized at

b̂ = (α̂ β̂ θ̂ ρ̂)′ = (Z ′Z)−1Z ′z

Non-informative Jeffrey’s priors

p(b, Σ) = p(b)p(Σ) ∝ |Σ|−3/2

The resulting posterior has the property that E(β|D) = β̂, even

though, E(β̂) 6= β.



Exact Likelihood and Sharper priors

• Restrict the process x to be stationary |ρ| < 1
Then the joint prior is:

p(b, Σ) ∝ |Σ|−3/2, ρ ∈ (−1, 1).

• x0 is a realization of the same stochastic process generating
x1, . . . , xT .

p(x0|b, Σ) =
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.

The ‘exact’ likelihood function is:

Le(b, Σ; D) = p(z, x0|b, Σ) = p(z|x0, b, Σ)p(x0|b, Σ),

An ’approximate’ Jeffrey’s prior when Z is stochastic is given by:

p(b, Σ) ∝ (1 − ρ2)−1σ2
v |Σ|−5/2, ρ ∈ (−1, 1).



Posterior distributions for β



Estimates of β and ρ



An asset allocation problem

Buy-and-hold investor who allocates wealth between stocks and cash.

max
ω

E(U(WT+K |D))

where

U(WT+K) =
1

γ
W

γ
T+K

WT+K = WT [ω exp{yT+K,(K) + KiT } + (1 − ω) exp{KiT }].

The K-period excess return is given by,

YT+K,(K) =
K

∑

k=1

yt+k.

with predictive distribution,

p(YT+K,(K)|D) =

∫

b,Σ

p(YT+K,(K)|b, Σ, D)p(b, Σ|D)dbdΣ



Optimal stock allocation



Expected excess return



Standard deviation of the excess return



Role of Skewness

A third order approximation for expected utility

E(U(WT+K)) =
W

γ
T

γ
exp(γr̄)

(
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γ

2
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γ2

6
E(r − r̄)3 + E(O[(r − r̄)4])

)

,

where r̄ = E(r) (average return on the investor’s portfolio).

• The skewness in r is a function of the skewness in YT+K , (K)



Skewness of the excess return


