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The model

e Discrete time, infinite horizon t = 0,1, 2, ...
e Single, non storable good
¢ Continuum of consumers (measure 1):

e Preferences
: (2()(1—ﬁ>ﬁfv<ct>et>
t=

where V/ >0, V' <0
e ldiosyncratic, serially independent, iid taste shock:
0 € ® ={61,...,0,n}, and

Pr(6: =6;) = u(6;) forall i and all ¢

e |diosyncratic taste shocks are private information of the
consumers.
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Endowments

e Endowment economy: Fixed aggregate endowment y in every
period.

e Each consumer enters the economy with a number
w € D C R which can be thought of as his initial entitlement
to expected, discounted utility.

e Distribution of utilities:
Pr(we A)=1¢ (A) foral ACD

Fraction of people in the economy with w € A. {p € M, where
M is the set of all probability measures on (D, D) where D
are the Borel subsets of D.
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Example

Planner's Objective

Use the minimum amount of resources (as constant, perpetual,
endowment flow) to attain a certain distribution ¥ given the
information available.
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Reporting Strategies

[e0]

A reporting strategy is a sequence z = {z (0°) },_,.

z: 0t - O
A truthful reporting strategy is a reporting strategy

z={z (Ht)}:io such that z; (6°) = 6, for all t and all
0! € @1 -

e Reporting history: zt = {z (6p), ..., z (6¢)}
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Plan

Let, us (w,zt) = V (c; (w, 2%)), u: D x @F! = R
A plan is a sequence u = {u; (w, z%)}5., such that
fim B Y Bt (w.2) 015 =0

— Discounted expected lifetime utility of plan v and reporting
strategy z
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Allocation

A plan u is an allocation if it satisfies

e Truth Telling: given u truth telling is optimal for the agents
U(w,uz")>U(w,u,z) forallze ZandallweD

e Promise keeping: u delivers the expected discounted utility to
each agent w

U(w,u,z*) = w for all w
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Efficiency

An allocation is efficient if it attains a distribution ¢ at the
minimum cost (as constant, perpetual, endowment flow) of
attaining 1.
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Planner's Problem

Objective: Minimize constant stream of endowment to attain a
welfare distribution .
min y
u

such that

e yis an allocation

e v attains ¥ with resources y, i.e.,

/DX@ C (ur (w,0%)) dp (6:) dyp (w) <y forall t

where C (u; (w, z")) = ¢t (w, ') (inverse function of V)
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Allocation rule

Let f; (Wt(WO,Zt_l),Zt) =ur (wo, 2%), g (We, ) = Wipt

A sequence 0 = {f;, g+ };.o is an allocation rule if it satisfies
(i) Promise keeping: for all w; and all t

L (= B i (we,00) 0: + B (e, 02)] e = w,
(i) Truth telling: for all zz € ®, all w; € D and all t

[(1—PB) fe (we, 0r) 0 + Bgr (we, 0¢)] dp >
(1= B) fe (we, z¢) Oc + Bge (We, 2¢)] dp

(iii) Boundedness: lim;_,o B'g: (Wr(WO,Z*tfl)yZ?) =0



Model Planner's Problem Recursive PP Example
000000 0000000 00

Planner's Problem

min y
[
subject to:

e (o is an allocation rule

e The allocations rule ¢ attains ¢ with resources y

/ C (£ (e, 8)) dyu (6) dp, (w) < y for all t
Dx©®

where for all t

Yoo () = S @) (W) = [ 1{we: g1 (wi,0) = w} dudy,
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Equivalence

Lemma 3.1 Let p € M and suppose the allocation u attains ¥
with resources y. Then there is an allocation rule ¢ that attains ¢
with resources y.

Lemma 3.2 Let ¢y € M. Suppose the allocation rule ¢ attains ¢
with resources y and that v is the utility plan generated by o.
Then u is an allocation, and u attains ¢ with resources y.

— We can work with allocation rules ¢ and then find the
corresponding allocation u.

fo (we(wo, 2" 1), z¢) = up (w0, 2%) , g¢ (We, 2¢) = Wepa
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Planner's Problem

min y
[
subject to:

e (o is an allocation rule

e The allocations rule ¢ attains ¢ with resources y

t

where for all t

Priq (w) = Se (¢t) (W)

max | [ €U (w0, dn (6) i, (w)] < v

Example
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Bellman Equation

Let ¢* (1) be the minimum cost of attaining a distribution ¢.

o ()= inf max{ [ (7 (w,0)) i (6)dp (w) 9" (S,)

f.geB

where B is the set of all functions f, g such that they satisfy
promise keeping and truth telling.
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Problem T

Let X be the set of all functions ¢ : M — Ry U {+co}. Define
the operator T : X — X as

(To)9) = inf max{ [ €7 (wi0)) (@) dp(w) g (S}

f.geB

Lemma 4.1 ¢ is a fixed point of T
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Problem T

Lemma 4.2 Suppose there are functions ¢, ¢ and ¢ such that
forallp € M

* P <9 <9,

o lim, oo T, =lim, 0o T"@_. = @
Then, ¢ = ¢*.

Candidates:

o Autarky: ¢, (¢) = [, C(w)dy

o Complete insurance: ¢_ () = [5,o C (uc (w,0)) dipde,
where uc (w, 0) is the period utility an agent w with shock 6

would receive if the shock was observable.
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Example: log utility

e V(x) =log(x), C(u) =exp(u)
[ ] D = R
e Bounding functions

9, (¥) = Jp e (w)dy
o ¢ () =u [pexp(w)dp where a = exp {—E [0 log 6]}

Result: f, g linear in w and independent of ¢
o f(w,0)=r(0;a)+w

e g(w,0)=h(0;a)+w
= Can choose r and h instead of f and g
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Dynamics (log utility)

e Evolution of individual promised values:

t—1
Wy (Wo,et_l) =w + E h(6;;a)
i=0
e Evolution of period utilities
t—1
ue (wo, 0°) = wo+ Y h(6;;a) +r(0:)
i=0

— Cross sectional variance

Var [we (wo, 01)] = Var (wo) + tVar [h (6; a)]
Var [us (wo,0")] = Var(wo) + tVar [h(0; )] + Var [r (6)]

The degree of inequality grows without bound when
resources are efficientrly allocated.
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