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Introduction

Complete Market Approach to Debt Management

I Lucas and Stokey (1983) solve the Ramsey problem with complete markets,
describes optimal fiscal policy for government.

I However, depends crucially on government using state-contingent debt:
Aiyagari, Marcet, Sargent, and Seppälä (2002) show that optimal policy is
sharply different when government is restricted to one-period non-contingent
bonds.

I Angeletos (2002) shows that if the government has access to enough bonds
of different maturities, then generically a portfolio can be formed that
implements the optimal policy.

I This literature also offers qualitative policy implications: issue long-term
debt and hold short-term claims.

I In contrast, this paper will show that using the maturity structure to
implement the complete markets allocation is likely to require extreme and
risky policies, and does not offer clear qualitative policy prescriptions.
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Lucas-Stokey Model

Complete Market Approach to Debt Management

I Technology:
ct + gt ≤ θt(1− xt)

where ct , gt , θt , xt are consumption, government spending, productivity, and
leisure. Define st = (gt , θt)

′.

I Preferences:

E0

∞∑
t=0

βt [u(ct) + v(xt)] .

I Consumer’s budget constraint:

z0 =
∞∑
t=0

∑
st

q0t (st)
[
ct(s

t)− (1− τ xt (st))wt(s
t)(1− xt(s

t))
]

where z0 is initial consumer assets (government debt).
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Lucas-Stokey Model

Complete Market Approach to Debt Management

I Substitute consumer’s FOCs to obtain implementability constraint:

z0 =
1

u′(c0)
E0

∞∑
t=0

βt [u′(ct)ct − v ′(xt)(1− xt)]

where z0 is initial government debt.

I Applying state prices from consumer’s FOC yields government debt at node
st :

zt =
1

u′(ct)
Et

∞∑
j=0

βj [u′(ct+j)ct+j − v ′(xt+j)(1− xt+j)]

I Under the complete markets solution, allocations (ct , xt) at time t depend
only on the current state, st .

I If st is Markov, zt also depends only on st .
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Lucas-Stokey Model

Completing the Market via the Maturity Structure

I Assume that there are N possible realizations of the shocks, so that
st ∈ {s̄1, . . . , s̄N},∀t, and the government is restricted to trading
non-contingent bonds of N maturities b1t , . . . , b

N
t , with prices p1t , . . . , p

N
t .

I Government’s budget constraint

gt +
N∑
j=1

pj−1t bjt−1 ≤ τ
x
t wt(1− xt) +

N∑
j=1

pjtb
j
t

I Consumer’s FOC:

pjt = βt Etu
′(ct+j)

u′(ct)
.

I To attain the complete market allocation, need to choose bjt−1(st−1) such
that

N∑
j=1

pj−1t (st , s
t−1)bjt−1(st−1) = zt(st , s

t−1), ∀st
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Lucas-Stokey Model

Completing the Market via the Maturity Structure

I Formally, this means solving the problem1 p1t (s̄1, s
t−1) · · · pN−1t (s̄1, s

t−1)
...

...
. . .

...

1 p1t (s̄N , s
t−1) · · · pN−1t (s̄N , s

t−1)


b

1
t−1
...

bNt−1

 =

zt(s̄1, s
t−1)

...
zt(s̄1, s

t−1)


which yields a unique solution if bond prices are linearly independent across
states.

I If this holds, the government can implement the complete markets outcome
using only non-contingent bonds.
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Lucas-Stokey Model

Simple Example

I Consider the case where N = 2, θt = θ̄, and gt ∈ {ḡL, ḡH} follows the
Markov chain [

πHH 1− πHH
1− πLL πLL

]
I Assume that ḡH > 0, ḡL < 0, z0 = 0, g0 = ḡH , so that z̄H = 0, z̄L > 0.

I Bond portfolio is given by[
b1t−1
b2t−1

]
=

[
1 p̄H
1 p̄L

]−1 [
0
z̄L

]
=

[
p̄H z̄L/(p̄H − p̄L)
−z̄L/(p̄H − p̄L)

]
I Since p̄H < p̄L, optimal policy is to issue long-term debt and hold short-term

claims.

I Intuition: long-term debt has a low return in state ḡH , reducing debt when
government spending is high.

I If the one-period-ahead variability of long rates p̄H − p̄L is not large (as in
calibrations), then very large positions are required to attain the complete
markets allocation.
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I Bond portfolio is given by[
b1t−1
b2t−1

]
=

[
1 p̄H
1 p̄L

]−1 [
0
z̄L

]
=

[
p̄H z̄L/(p̄H − p̄L)
−z̄L/(p̄H − p̄L)

]
I Since p̄H < p̄L, optimal policy is to issue long-term debt and hold short-term

claims.

I Intuition: long-term debt has a low return in state ḡH , reducing debt when
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Lucas-Stokey Model

Numerical Example

I Simulation results using CRRA utility (bond positions as fractions of output).

in z are large and fluctuations in the long term interest rate are small. In the case of i.i.d. expenditure shocks or only productivity
shocks (whether they are i.i.d. or persistent) the optimal debt positions are much smaller. It is with both shocks that the
problems noted by Buera and Nicolini (2004) are clearly evident. Firstly, the required positions are enormous—governments
need to issue debt at each maturity between 400% and 16 000% GDP. Secondly, although the model still recommends issuing
long and investing short the maturity structure is complex and varies dramatically with small changes in maturity. In the case
of intermediate persistence in shocks (m¼ 0:33Þ the government should invest in one period bonds, issue 2 year bonds worth
5900% of GDP and invest in three year bonds worth 16 000% GDP.

The final rows of Table 1 show results when productivity is more persistent than government expenditure and shows
two further areas in which the complete market recommendations are volatile and non-robust. Firstly the
recommendation that governments issue long and invest short is reversed. Changing the persistence of shocks affects
the slope of the yield curve and flips around the sign of the positions. Whilst interest rates still rise with adverse
expenditure shocks the yield curve is now downward sloping, as short rates are more responsive to temporary shocks than
long rates in rational expectations models. The second non-robustness occurs when the option that the government can
change the maturities it issues is removed. In particular, in the case of m¼ 0:333 the maturity structure that minimizes the
absolute positions is 1,2,3 and 29 but if the government is restricted to issue maturities at 1,4,13 and 30 (the maturities
that minimize the debt positions in the case of persistent shocks, m¼ 1) then the matrix of returns becomes singular and
the optimal positions tend to plus and minus infinity. Therefore, holding fixed maturity, small changes in model
specification lead to huge changes in positions.

Therefore in the case of an endowment economy calibrated to US data the complete market approach to debt
management (i) recommends positions that are large multiples of GDP (ii) the size of debt positions varies sharply with
small changes in maturity and involves simultaneously both issuing and investing in bonds of adjacent maturities (iii) is
extremely sensitive to small changes in parameter specifications with no presumption that it is always optimal for the
government to issue long term debt and invest in short term bonds.

3. Introducing capital accumulation

The endowment economy is a useful workhorse model but the magnitude and sensitivity of the debt positions outlined in
the previous section could be an artefact of its simplicity. Therefore in this section the complete market optimal tax model of
Chari et al. (1994) is used to consider Angeletos’ (2002) claim that capital mitigates these problems (see footnote 1).

3.1. Complete markets

Assume there are two factors of production: labour (1�x) and capital k, with output produced through a Cobb Douglas
function F such that

ctþgtþkt�ð1�dÞkt�1rytk
a
t�1ð1�xtÞ

1�a
¼ ytFðkt�1,xtÞ ð13Þ

Table 1
Simulation results—endowment economy.a

Shocks Interest rates

g H L

B1 B30 R1 2.23 1.85

m¼ 1 �7.04 7.16 R30 2.10 1.98

B1 B30 R1 3.95 0.13

m¼ 0 �0.79 0.81 R30 2.28 1.80

h H L

B1 B30 R1 1.07 2.93

m¼ 1 �0.85 0.90 R30 1.85 2.21

B1 B30 R1
�3.13 7.21

m¼ 0 �0.17 0.18 R30 1.86 2.21

g,h HH HL LH LL

B1 B4 B13 B30 R1 1.23 3.25 0.90 2.71

m¼ 1 �16.15 41.32 �86.71 57.66 R30 1.92 2.28 1.79 2.15

pg
HH ¼ 0:95 B1

B2 B3 B29 R1
�5.75 7.21 �2.98 4.16

py
HH ¼ 0:91 m¼ 1=3 �4.22 58.48 �161.22 106.37 R29 1.92 2.28 1.79 2.14

B1 B5 B18 B30 R1 2.00 2.45 1.64 2.71

m¼ 1 63.82 �140.94 163.15 �75.64 R30 1.97 2.22 1.85 2.09

pg
HH ¼ 0:95 B1 B2 B3 B29 R1

�3.34 6.96 �2.74 4.02

py
HH ¼ 0:98 m¼ 1=3 5.77 �85.8 210.19 �129.51 R29 1.91 2.28 1.79 2.14

a Table shows maturity structure and yield curve for endowment economy subject to various combinations of productivity and expenditure shocks.

E. Faraglia et al. / Journal of Monetary Economics 57 (2010) 821–836 825
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Lucas-Stokey Model

Numerical Example

I Notation: µ is fraction of calibrated persistence.

in z are large and fluctuations in the long term interest rate are small. In the case of i.i.d. expenditure shocks or only productivity
shocks (whether they are i.i.d. or persistent) the optimal debt positions are much smaller. It is with both shocks that the
problems noted by Buera and Nicolini (2004) are clearly evident. Firstly, the required positions are enormous—governments
need to issue debt at each maturity between 400% and 16 000% GDP. Secondly, although the model still recommends issuing
long and investing short the maturity structure is complex and varies dramatically with small changes in maturity. In the case
of intermediate persistence in shocks (m¼ 0:33Þ the government should invest in one period bonds, issue 2 year bonds worth
5900% of GDP and invest in three year bonds worth 16 000% GDP.

The final rows of Table 1 show results when productivity is more persistent than government expenditure and shows
two further areas in which the complete market recommendations are volatile and non-robust. Firstly the
recommendation that governments issue long and invest short is reversed. Changing the persistence of shocks affects
the slope of the yield curve and flips around the sign of the positions. Whilst interest rates still rise with adverse
expenditure shocks the yield curve is now downward sloping, as short rates are more responsive to temporary shocks than
long rates in rational expectations models. The second non-robustness occurs when the option that the government can
change the maturities it issues is removed. In particular, in the case of m¼ 0:333 the maturity structure that minimizes the
absolute positions is 1,2,3 and 29 but if the government is restricted to issue maturities at 1,4,13 and 30 (the maturities
that minimize the debt positions in the case of persistent shocks, m¼ 1) then the matrix of returns becomes singular and
the optimal positions tend to plus and minus infinity. Therefore, holding fixed maturity, small changes in model
specification lead to huge changes in positions.

Therefore in the case of an endowment economy calibrated to US data the complete market approach to debt
management (i) recommends positions that are large multiples of GDP (ii) the size of debt positions varies sharply with
small changes in maturity and involves simultaneously both issuing and investing in bonds of adjacent maturities (iii) is
extremely sensitive to small changes in parameter specifications with no presumption that it is always optimal for the
government to issue long term debt and invest in short term bonds.

3. Introducing capital accumulation

The endowment economy is a useful workhorse model but the magnitude and sensitivity of the debt positions outlined in
the previous section could be an artefact of its simplicity. Therefore in this section the complete market optimal tax model of
Chari et al. (1994) is used to consider Angeletos’ (2002) claim that capital mitigates these problems (see footnote 1).

3.1. Complete markets

Assume there are two factors of production: labour (1�x) and capital k, with output produced through a Cobb Douglas
function F such that

ctþgtþkt�ð1�dÞkt�1rytk
a
t�1ð1�xtÞ

1�a
¼ ytFðkt�1,xtÞ ð13Þ

Table 1
Simulation results—endowment economy.a

Shocks Interest rates

g H L

B1 B30 R1 2.23 1.85
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pg
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B2 B3 B29 R1
�5.75 7.21 �2.98 4.16

py
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Lucas-Stokey Model

Numerical Example

I Positions are huge: 4 to 160 times GDP at each maturity.
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need to issue debt at each maturity between 400% and 16 000% GDP. Secondly, although the model still recommends issuing
long and investing short the maturity structure is complex and varies dramatically with small changes in maturity. In the case
of intermediate persistence in shocks (m¼ 0:33Þ the government should invest in one period bonds, issue 2 year bonds worth
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Lucas-Stokey Model

Numerical Example

I Optimal portfolio varies dramatically with small changes in maturity.
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problems noted by Buera and Nicolini (2004) are clearly evident. Firstly, the required positions are enormous—governments
need to issue debt at each maturity between 400% and 16 000% GDP. Secondly, although the model still recommends issuing
long and investing short the maturity structure is complex and varies dramatically with small changes in maturity. In the case
of intermediate persistence in shocks (m¼ 0:33Þ the government should invest in one period bonds, issue 2 year bonds worth
5900% of GDP and invest in three year bonds worth 16 000% GDP.

The final rows of Table 1 show results when productivity is more persistent than government expenditure and shows
two further areas in which the complete market recommendations are volatile and non-robust. Firstly the
recommendation that governments issue long and invest short is reversed. Changing the persistence of shocks affects
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Lucas-Stokey Model

Numerical Example

I In the two-shock model, changing the persistence of shocks can flip the
signs of the positions.

in z are large and fluctuations in the long term interest rate are small. In the case of i.i.d. expenditure shocks or only productivity
shocks (whether they are i.i.d. or persistent) the optimal debt positions are much smaller. It is with both shocks that the
problems noted by Buera and Nicolini (2004) are clearly evident. Firstly, the required positions are enormous—governments
need to issue debt at each maturity between 400% and 16 000% GDP. Secondly, although the model still recommends issuing
long and investing short the maturity structure is complex and varies dramatically with small changes in maturity. In the case
of intermediate persistence in shocks (m¼ 0:33Þ the government should invest in one period bonds, issue 2 year bonds worth
5900% of GDP and invest in three year bonds worth 16 000% GDP.

The final rows of Table 1 show results when productivity is more persistent than government expenditure and shows
two further areas in which the complete market recommendations are volatile and non-robust. Firstly the
recommendation that governments issue long and invest short is reversed. Changing the persistence of shocks affects
the slope of the yield curve and flips around the sign of the positions. Whilst interest rates still rise with adverse
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the optimal positions tend to plus and minus infinity. Therefore, holding fixed maturity, small changes in model
specification lead to huge changes in positions.
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The endowment economy is a useful workhorse model but the magnitude and sensitivity of the debt positions outlined in
the previous section could be an artefact of its simplicity. Therefore in this section the complete market optimal tax model of
Chari et al. (1994) is used to consider Angeletos’ (2002) claim that capital mitigates these problems (see footnote 1).
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Capital Model

Complete Markets with Capital

I Technology:

ct + gt + kt − (1− δ)kt−1 ≤ θtkt−1(1− xt)
1−α.

I Consumer’s budget constraint

z0 + k−1 =
∞∑
t=0

∑
st

q0t (st)
{
ct(s

t) + kt(s
t)− Rk

t (st)kt−1(st−1)

− (1− τ xt (st))wt(s
t)(1− xt(s

t))
}

Rk
t (st) =

[
(1− τ kt (st−1))rt(s

t) + (1− δ)
]
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Capital Model

Complete Markets with Capital

I Additional constraint for Ramsey planner:

u′(ct) = βEt

[
u′(ct+1)Rk

t+1

]
I Optimal debt level

zt =
1

u′(ct)
Et


∞∑
j=0

βj [u′(ct+j)ct+j − v ′(xt+j)(1− xt+j)]

− Rk
t kt−1

I Chari et al (1994) show that the solution satisfies the recursive structure

(kt , ct , xt , τ
x
t , τ

k
t+1)′ = G (st , kt−1)

I Marcet and Scott (2009): this implies the existence of a time-invariant
function D such that

D(kt−1, st) = zkt (st−1, st)

so the optimal debt position depends only on the current state and the
capital stock.
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Capital Model

Completing the Market via the Maturity Structure

I To complete the market with maturities, we now need to solve1 p1t (kt−1, s̄1) · · · pN−1t (kt−1, s̄1)
...

...
. . .

...

1 p1t (kt−1, s̄N) · · · pN−1t (kt−1, s̄N)


b

1
t−1(kt−1)

...
bNt−1(kt−1)

 =

D(kt−1, s̄1)
...

D(kt−1, s̄N)


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Capital Model

Numerical Results With Capital

I Notation: E±5% are the 5% lowest and highest positions for each maturity.

In essence, with habits interest rates are a function of consumption growth and so the slope of the yield curve depends on
the rate of change of consumption growth, increasing its volatility. This is important because a potential criticism to our
findings in Section 3 of extreme, volatile and unstable positions is that they are driven by a counterfactually low volatility
in the yield curve.
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Fig. 1. Sensitivity of portfolio structure—capital accumulation and persistent technology shocks. Note: When long bond is less than 17 period maturity

then invest long, for longer maturity then issue long.

Table 2
Simulation results—capital accumulation.a

Shocks Interest rates

g B1 B30 H L

m¼ 1 �14.49 12.36 R1 2.08 1.98

Eþ5% �18.29 9.41 R30 2.07 2.00

E�5% �11.65 16.3

B1 B30

m¼ 0 �9.23 7.19 R1 2.06 1.99

Eþ5% �9.50 6.90 R30 2.04 2.03

E�5% �8.94 7.46

h B1 B30 H L

m¼ 1 �8.49 6.26 R1 2.26 1.85

Eþ5% �12.5 3.56 R30 2.01 2.07

E�5% �5.62 10.10

B1 B30

m¼ 0 �3.49 1.47 R1 2.01 2.07

Eþ5% �3.93 1.19 R30 2.02 2.06

E�5% �3.12 1.82

g,h HH HL LH LL

B1 B4
B16 B30

m¼ 1 �30.10 42.54 �48.18 33.44 R1 2.46 1.67 2.26 1.48

Eþ5% �34.33 26.14 �97.58 15.94 R30 2.03 2.07 1.94 1.98

E�5% �26.30 63.28 �16.46 66.29

pg
H ¼ 0:95 B1

B9 B13
B29

py
H ¼ 0:91 m¼ 1=3 �14.38 32.62 �30.74 10.42 R1 2.04 1.97 2.00 1.92

Eþ5% �18.80 26.24 �36.75 8.16 R29 2.01 2.05 2.00 2.03

E�5% �11.00 41.44 �25.37 11.91

B1 B5 B18 B30

m¼ 1 �77.85 153.10 �207.77 130.19 R1 2.55 1.63 2.42 1.50

Eþ5% �109.15 138.74 �226.37 106.12 R30 2.09 2.05 2.02 1.99

E�5% �55.63 167.34 �189.63 161.17

pg
H ¼ 0:95 B1

B9 B14 B29

py
H ¼ 0:98 m¼ 1=3 �12.58 21.44 �23.13 12.20 R1 2.07 1.94 2.03 1.90

Eþ5% �34.93 13.46 �54.90 8.63 R29 2.03 2.00 2.05 2.01

E�5% �5.48 70.24 �18.56 17.44

a Table shows maturity structure and yield curve for simulations of an economy with capital subject to productivity and expenditure shocks.
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Capital Model

Numerical Results With Capital

I Adding capital introduces time variation of debt, and generally makes
positions even larger.

In essence, with habits interest rates are a function of consumption growth and so the slope of the yield curve depends on
the rate of change of consumption growth, increasing its volatility. This is important because a potential criticism to our
findings in Section 3 of extreme, volatile and unstable positions is that they are driven by a counterfactually low volatility
in the yield curve.
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Fig. 1. Sensitivity of portfolio structure—capital accumulation and persistent technology shocks. Note: When long bond is less than 17 period maturity

then invest long, for longer maturity then issue long.

Table 2
Simulation results—capital accumulation.a

Shocks Interest rates

g B1 B30 H L

m¼ 1 �14.49 12.36 R1 2.08 1.98

Eþ5% �18.29 9.41 R30 2.07 2.00

E�5% �11.65 16.3

B1 B30

m¼ 0 �9.23 7.19 R1 2.06 1.99

Eþ5% �9.50 6.90 R30 2.04 2.03

E�5% �8.94 7.46

h B1 B30 H L

m¼ 1 �8.49 6.26 R1 2.26 1.85

Eþ5% �12.5 3.56 R30 2.01 2.07

E�5% �5.62 10.10

B1 B30

m¼ 0 �3.49 1.47 R1 2.01 2.07

Eþ5% �3.93 1.19 R30 2.02 2.06

E�5% �3.12 1.82

g,h HH HL LH LL

B1 B4
B16 B30

m¼ 1 �30.10 42.54 �48.18 33.44 R1 2.46 1.67 2.26 1.48

Eþ5% �34.33 26.14 �97.58 15.94 R30 2.03 2.07 1.94 1.98

E�5% �26.30 63.28 �16.46 66.29

pg
H ¼ 0:95 B1

B9 B13
B29

py
H ¼ 0:91 m¼ 1=3 �14.38 32.62 �30.74 10.42 R1 2.04 1.97 2.00 1.92

Eþ5% �18.80 26.24 �36.75 8.16 R29 2.01 2.05 2.00 2.03

E�5% �11.00 41.44 �25.37 11.91

B1 B5 B18 B30

m¼ 1 �77.85 153.10 �207.77 130.19 R1 2.55 1.63 2.42 1.50

Eþ5% �109.15 138.74 �226.37 106.12 R30 2.09 2.05 2.02 1.99

E�5% �55.63 167.34 �189.63 161.17

pg
H ¼ 0:95 B1

B9 B14 B29

py
H ¼ 0:98 m¼ 1=3 �12.58 21.44 �23.13 12.20 R1 2.07 1.94 2.03 1.90

Eþ5% �34.93 13.46 �54.90 8.63 R29 2.03 2.00 2.05 2.01

E�5% �5.48 70.24 �18.56 17.44

a Table shows maturity structure and yield curve for simulations of an economy with capital subject to productivity and expenditure shocks.
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Capital Model

Numerical Results With Capital

I Intuition: capital gives agents another instrument to smooth consumption,
so bond prices are less volatile.

In essence, with habits interest rates are a function of consumption growth and so the slope of the yield curve depends on
the rate of change of consumption growth, increasing its volatility. This is important because a potential criticism to our
findings in Section 3 of extreme, volatile and unstable positions is that they are driven by a counterfactually low volatility
in the yield curve.
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Fig. 1. Sensitivity of portfolio structure—capital accumulation and persistent technology shocks. Note: When long bond is less than 17 period maturity

then invest long, for longer maturity then issue long.

Table 2
Simulation results—capital accumulation.a

Shocks Interest rates

g B1 B30 H L

m¼ 1 �14.49 12.36 R1 2.08 1.98

Eþ5% �18.29 9.41 R30 2.07 2.00

E�5% �11.65 16.3

B1 B30

m¼ 0 �9.23 7.19 R1 2.06 1.99

Eþ5% �9.50 6.90 R30 2.04 2.03

E�5% �8.94 7.46

h B1 B30 H L

m¼ 1 �8.49 6.26 R1 2.26 1.85

Eþ5% �12.5 3.56 R30 2.01 2.07

E�5% �5.62 10.10

B1 B30

m¼ 0 �3.49 1.47 R1 2.01 2.07

Eþ5% �3.93 1.19 R30 2.02 2.06

E�5% �3.12 1.82

g,h HH HL LH LL

B1 B4
B16 B30

m¼ 1 �30.10 42.54 �48.18 33.44 R1 2.46 1.67 2.26 1.48

Eþ5% �34.33 26.14 �97.58 15.94 R30 2.03 2.07 1.94 1.98

E�5% �26.30 63.28 �16.46 66.29

pg
H ¼ 0:95 B1

B9 B13
B29

py
H ¼ 0:91 m¼ 1=3 �14.38 32.62 �30.74 10.42 R1 2.04 1.97 2.00 1.92

Eþ5% �18.80 26.24 �36.75 8.16 R29 2.01 2.05 2.00 2.03

E�5% �11.00 41.44 �25.37 11.91

B1 B5 B18 B30

m¼ 1 �77.85 153.10 �207.77 130.19 R1 2.55 1.63 2.42 1.50

Eþ5% �109.15 138.74 �226.37 106.12 R30 2.09 2.05 2.02 1.99

E�5% �55.63 167.34 �189.63 161.17

pg
H ¼ 0:95 B1

B9 B14 B29

py
H ¼ 0:98 m¼ 1=3 �12.58 21.44 �23.13 12.20 R1 2.07 1.94 2.03 1.90

Eþ5% �34.93 13.46 �54.90 8.63 R29 2.03 2.00 2.05 2.01

E�5% �5.48 70.24 �18.56 17.44

a Table shows maturity structure and yield curve for simulations of an economy with capital subject to productivity and expenditure shocks.
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Capital Model

Numerical Results With Capital

I In simple example with gt fixed, two states for θt , and two maturities (1,N),
positions are volatile in N, and flip sign as N increases.

In essence, with habits interest rates are a function of consumption growth and so the slope of the yield curve depends on
the rate of change of consumption growth, increasing its volatility. This is important because a potential criticism to our
findings in Section 3 of extreme, volatile and unstable positions is that they are driven by a counterfactually low volatility
in the yield curve.
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Fig. 1. Sensitivity of portfolio structure—capital accumulation and persistent technology shocks. Note: When long bond is less than 17 period maturity

then invest long, for longer maturity then issue long.

Table 2
Simulation results—capital accumulation.a

Shocks Interest rates

g B1 B30 H L

m¼ 1 �14.49 12.36 R1 2.08 1.98

Eþ5% �18.29 9.41 R30 2.07 2.00

E�5% �11.65 16.3

B1 B30

m¼ 0 �9.23 7.19 R1 2.06 1.99

Eþ5% �9.50 6.90 R30 2.04 2.03

E�5% �8.94 7.46

h B1 B30 H L

m¼ 1 �8.49 6.26 R1 2.26 1.85

Eþ5% �12.5 3.56 R30 2.01 2.07

E�5% �5.62 10.10

B1 B30

m¼ 0 �3.49 1.47 R1 2.01 2.07

Eþ5% �3.93 1.19 R30 2.02 2.06

E�5% �3.12 1.82

g,h HH HL LH LL

B1 B4
B16 B30

m¼ 1 �30.10 42.54 �48.18 33.44 R1 2.46 1.67 2.26 1.48

Eþ5% �34.33 26.14 �97.58 15.94 R30 2.03 2.07 1.94 1.98

E�5% �26.30 63.28 �16.46 66.29

pg
H ¼ 0:95 B1

B9 B13
B29

py
H ¼ 0:91 m¼ 1=3 �14.38 32.62 �30.74 10.42 R1 2.04 1.97 2.00 1.92

Eþ5% �18.80 26.24 �36.75 8.16 R29 2.01 2.05 2.00 2.03

E�5% �11.00 41.44 �25.37 11.91

B1 B5 B18 B30

m¼ 1 �77.85 153.10 �207.77 130.19 R1 2.55 1.63 2.42 1.50

Eþ5% �109.15 138.74 �226.37 106.12 R30 2.09 2.05 2.02 1.99

E�5% �55.63 167.34 �189.63 161.17

pg
H ¼ 0:95 B1

B9 B14 B29

py
H ¼ 0:98 m¼ 1=3 �12.58 21.44 �23.13 12.20 R1 2.07 1.94 2.03 1.90

Eþ5% �34.93 13.46 �54.90 8.63 R29 2.03 2.00 2.05 2.01

E�5% �5.48 70.24 �18.56 17.44

a Table shows maturity structure and yield curve for simulations of an economy with capital subject to productivity and expenditure shocks.
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Capital Model

Numerical Results With Capital

I With N fixed at 16, the positions are discontinuous in capital, with an
asymptote.

The following discussion highlights the importance of the volatility of the yield curve, and tries to bring this issue to the
data. Consider again the model of Section 2 when g can take two possible values gH ,gL, y is a constant, and assume the
government issues a short bond that matures in S periods and a long bond maturing at date M4S. To effectively complete
the markets a portfolio bS

t�1,bM
t�1 needs to be issued satisfying pS�1,i

t bS
t�1þpM�1,i

t bM
t�1 ¼ zi for i¼H,L for all ht�1 where pS�1,H

t

is shorthand for pS�1
t ðh

t�1,gHÞ and so on. Using the complete market methodology gives the following optimal long
position:

bM
t�1 ¼

pS�1,H
t zL

�pS�1,L
t zH

pS�1,H
t pM�1,L

t �pS�1,L
t pM�1,H

t

ð19Þ

The closer to zero is the denominator then, ceteris paribus, the larger is the absolute value of bt�1
M . Now, let

yt � ðS�1ÞsprtþðM�SÞrM�1
t where sprt � rM�1

t �rS�1
t is the interest rate spread between long and short bonds, and r is the

annualized net interest rate at each maturity. Log-linearizing the denominator in (19) around 1 and rearranging gives that
this denominator is approximately equal to ytðht�1,gH

Þ�ytðht�1,gL
Þ. This is the difference of the two possible realizations of

yt conditional on a past history ht�1, so that the denominator in (19) is proportional to the one-period ahead conditional
variance of y. Hence greater conditional volatility of y means lower optimal position bt�1

M . Indeed one could generate bond
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Fig. 2. Policy functions for debt issuance—capital accumulation and persistent technology shocks. Note: Sign of optimal positions changes dramatically

for small fluctuations in capital stock around its median.
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Fig. 2. Policy functions for debt issuance—capital accumulation and persistent technology shocks. Note: Sign of optimal positions changes dramatically

for small fluctuations in capital stock around its median.
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Capital Model

Habit Preferences

I Positions are so large in previous examples in part because there is
unrealistically little variation in bond prices.

holding switches. This reversal of optimal debt positions occurs despite the fact that interest rates in the model do rise in
response to adverse expenditure shocks—a combination that Angeletos (2002) and others stress as important for making it
optimal for governments to issue long term debt.

5. Robustness

The paper has so far shown how the complete market approach leads to large positions which in the presence of habits
or capital accumulation show high volatility and how variations in model calibration lead to substantial changes in optimal
portfolio structure such that there is no presumption it is optimal to issue long and invest short. However, within the
context of the framework used the size, sensitivity and volatility of the positions cannot be used as a criticism of the
complete market approach—given the planner’s knowledge of the environment and the absence of transaction costs these
are the optimal positions. Pointing to extreme magnitudes or volatility cannot be a justified criticism unless these positions
come with some cost. As a result the analysis of this section considers how robust these portfolios are to alternative
specifications. Firstly the focus is on the case where the government incorrectly specifies the nature of the economy and
show how relatively small misspecifications lead to large welfare costs in pursuing the complete market recommendations
such that governments are better pursuing a balanced budget. Secondly the size of transaction costs necessary to offset the
insurance benefits of the complete market approach are considered and it is shown how even de minimus transaction costs
make the complete market approach inferior to a balanced budget. In other words once market incompleteness is
introduced explicitly into the model the complete market approach is far from optimal and not even an approximate guide
for policy.

5.1. Government misperceptions

Key to the size of the positions that the complete market approach recommends is the persistence of the shocks. Errors
in perceiving persistence of shocks will therefore translate into sub-optimal portfolio positions. To evaluate the welfare
costs of these errors the following measure is used:

Rðr,r�Þ ¼ WX�WBB

WCM�WBB

where Wi denotes the welfare level obtained for policy regimes i=CM,BB, X and r denotes the true vector of parameters of
the economy . Here, under CM the government implements the complete market fiscal policy when it correctly knows r.
Under BB the government runs a balanced budget every period. Policy regime X occurs when the government implements
the optimal debt policy as if the primitives of the economy were given by vector r� possibly different r. Obviously,
WX ¼WCM when r¼ r�. In all cases agents have rational expectations.

The combination of debt and tax policy is standard in the cases CM and BB, where only r plays a role. Under the
misspecified policy X it is clear that under rational expectations for the agents the government will not be able to
implement both the debt and tax policy that would be optimal under complete markets for the parameter r�: since
consumers do not behave as the government conjectures, the complete markets debt and tax policies are not both feasible.

Table 3
Simulation results—consumption habits.a

Habits Interest rates

y shock
H L

w¼ 0 B1 B10 R1 1.07 2.93

m¼ 1 �1.03 1.07 R10 1.58 2.47

w¼ 0:273 B1 B10

m¼ 1 �0.63 0.62 R1
�0.58 5.10

Eþ5% �0.68 0.59 R10 1.37 2.73

E�5% �0.58 0.66

g,y shocks with pg
HH ¼ 0:95 and py

HH ¼ 0:91

HH HL LH LL

w¼ 0 B1 B10 B16 B30 R1 1.23 3.15 0.90 2.71

m¼ 1 �4.60 71.74 �159.02 101.39 R30 1.92 2.28 1.79 2.15

w¼ 0:25 B1 B10 B15 B22

m¼ 1 �0.48 �18.23 7.01 11.48 R1 0.09 5.39 �0.77 3.50

Eþ5% �0.50 �27.45 �91.14 �62.69 R22 1.82 2.44 1.62 2.21

E�5% �0.45 �7.24 90.36 99.10

a Table shows maturity structure and yield curve for simulations using a model with habits subject to productivity and expenditure shocks.
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Capital Model

Habit Preferences

I To address this, add a habit term to consumption, so preferences are over
u(ct − χct−1), and calibrate to match volatility of slope of yield curve.

holding switches. This reversal of optimal debt positions occurs despite the fact that interest rates in the model do rise in
response to adverse expenditure shocks—a combination that Angeletos (2002) and others stress as important for making it
optimal for governments to issue long term debt.

5. Robustness

The paper has so far shown how the complete market approach leads to large positions which in the presence of habits
or capital accumulation show high volatility and how variations in model calibration lead to substantial changes in optimal
portfolio structure such that there is no presumption it is optimal to issue long and invest short. However, within the
context of the framework used the size, sensitivity and volatility of the positions cannot be used as a criticism of the
complete market approach—given the planner’s knowledge of the environment and the absence of transaction costs these
are the optimal positions. Pointing to extreme magnitudes or volatility cannot be a justified criticism unless these positions
come with some cost. As a result the analysis of this section considers how robust these portfolios are to alternative
specifications. Firstly the focus is on the case where the government incorrectly specifies the nature of the economy and
show how relatively small misspecifications lead to large welfare costs in pursuing the complete market recommendations
such that governments are better pursuing a balanced budget. Secondly the size of transaction costs necessary to offset the
insurance benefits of the complete market approach are considered and it is shown how even de minimus transaction costs
make the complete market approach inferior to a balanced budget. In other words once market incompleteness is
introduced explicitly into the model the complete market approach is far from optimal and not even an approximate guide
for policy.

5.1. Government misperceptions

Key to the size of the positions that the complete market approach recommends is the persistence of the shocks. Errors
in perceiving persistence of shocks will therefore translate into sub-optimal portfolio positions. To evaluate the welfare
costs of these errors the following measure is used:

Rðr,r�Þ ¼ WX�WBB

WCM�WBB

where Wi denotes the welfare level obtained for policy regimes i=CM,BB, X and r denotes the true vector of parameters of
the economy . Here, under CM the government implements the complete market fiscal policy when it correctly knows r.
Under BB the government runs a balanced budget every period. Policy regime X occurs when the government implements
the optimal debt policy as if the primitives of the economy were given by vector r� possibly different r. Obviously,
WX ¼WCM when r¼ r�. In all cases agents have rational expectations.

The combination of debt and tax policy is standard in the cases CM and BB, where only r plays a role. Under the
misspecified policy X it is clear that under rational expectations for the agents the government will not be able to
implement both the debt and tax policy that would be optimal under complete markets for the parameter r�: since
consumers do not behave as the government conjectures, the complete markets debt and tax policies are not both feasible.

Table 3
Simulation results—consumption habits.a

Habits Interest rates

y shock
H L

w¼ 0 B1 B10 R1 1.07 2.93

m¼ 1 �1.03 1.07 R10 1.58 2.47

w¼ 0:273 B1 B10

m¼ 1 �0.63 0.62 R1
�0.58 5.10

Eþ5% �0.68 0.59 R10 1.37 2.73

E�5% �0.58 0.66

g,y shocks with pg
HH ¼ 0:95 and py

HH ¼ 0:91

HH HL LH LL

w¼ 0 B1 B10 B16 B30 R1 1.23 3.15 0.90 2.71

m¼ 1 �4.60 71.74 �159.02 101.39 R30 1.92 2.28 1.79 2.15

w¼ 0:25 B1 B10 B15 B22

m¼ 1 �0.48 �18.23 7.01 11.48 R1 0.09 5.39 �0.77 3.50

Eþ5% �0.50 �27.45 �91.14 �62.69 R22 1.82 2.44 1.62 2.21

E�5% �0.45 �7.24 90.36 99.10

a Table shows maturity structure and yield curve for simulations using a model with habits subject to productivity and expenditure shocks.
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Capital Model

Habit Preferences

I Adding habit reduces the size of positions, but makes them extremely
volatile.

holding switches. This reversal of optimal debt positions occurs despite the fact that interest rates in the model do rise in
response to adverse expenditure shocks—a combination that Angeletos (2002) and others stress as important for making it
optimal for governments to issue long term debt.

5. Robustness

The paper has so far shown how the complete market approach leads to large positions which in the presence of habits
or capital accumulation show high volatility and how variations in model calibration lead to substantial changes in optimal
portfolio structure such that there is no presumption it is optimal to issue long and invest short. However, within the
context of the framework used the size, sensitivity and volatility of the positions cannot be used as a criticism of the
complete market approach—given the planner’s knowledge of the environment and the absence of transaction costs these
are the optimal positions. Pointing to extreme magnitudes or volatility cannot be a justified criticism unless these positions
come with some cost. As a result the analysis of this section considers how robust these portfolios are to alternative
specifications. Firstly the focus is on the case where the government incorrectly specifies the nature of the economy and
show how relatively small misspecifications lead to large welfare costs in pursuing the complete market recommendations
such that governments are better pursuing a balanced budget. Secondly the size of transaction costs necessary to offset the
insurance benefits of the complete market approach are considered and it is shown how even de minimus transaction costs
make the complete market approach inferior to a balanced budget. In other words once market incompleteness is
introduced explicitly into the model the complete market approach is far from optimal and not even an approximate guide
for policy.

5.1. Government misperceptions

Key to the size of the positions that the complete market approach recommends is the persistence of the shocks. Errors
in perceiving persistence of shocks will therefore translate into sub-optimal portfolio positions. To evaluate the welfare
costs of these errors the following measure is used:

Rðr,r�Þ ¼ WX�WBB

WCM�WBB

where Wi denotes the welfare level obtained for policy regimes i=CM,BB, X and r denotes the true vector of parameters of
the economy . Here, under CM the government implements the complete market fiscal policy when it correctly knows r.
Under BB the government runs a balanced budget every period. Policy regime X occurs when the government implements
the optimal debt policy as if the primitives of the economy were given by vector r� possibly different r. Obviously,
WX ¼WCM when r¼ r�. In all cases agents have rational expectations.

The combination of debt and tax policy is standard in the cases CM and BB, where only r plays a role. Under the
misspecified policy X it is clear that under rational expectations for the agents the government will not be able to
implement both the debt and tax policy that would be optimal under complete markets for the parameter r�: since
consumers do not behave as the government conjectures, the complete markets debt and tax policies are not both feasible.

Table 3
Simulation results—consumption habits.a

Habits Interest rates

y shock
H L

w¼ 0 B1 B10 R1 1.07 2.93

m¼ 1 �1.03 1.07 R10 1.58 2.47

w¼ 0:273 B1 B10

m¼ 1 �0.63 0.62 R1
�0.58 5.10

Eþ5% �0.68 0.59 R10 1.37 2.73

E�5% �0.58 0.66

g,y shocks with pg
HH ¼ 0:95 and py

HH ¼ 0:91

HH HL LH LL

w¼ 0 B1 B10 B16 B30 R1 1.23 3.15 0.90 2.71

m¼ 1 �4.60 71.74 �159.02 101.39 R30 1.92 2.28 1.79 2.15

w¼ 0:25 B1 B10 B15 B22

m¼ 1 �0.48 �18.23 7.01 11.48 R1 0.09 5.39 �0.77 3.50

Eþ5% �0.50 �27.45 �91.14 �62.69 R22 1.82 2.44 1.62 2.21

E�5% �0.45 �7.24 90.36 99.10

a Table shows maturity structure and yield curve for simulations using a model with habits subject to productivity and expenditure shocks.
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Robustness

Robustness Concerns

I Previous results show that required positions are large and volatile (and
therefore highly counterfactual), but in principle should complete the market.

I However, the extreme nature of the positions may create severe problems if
the government’s technology is not perfect.

I Even tiny levels of transactions costs (0.003% of the value of the positions)
causes a balanced budget to deliver higher welfare than the complete
markets allocation.

I Even without transactions costs, if the government is using a misspecified or
miscalibrated model, the incorrect complete markets policy may be worse
than a balanced budget policy.

I For experiments, welfare is presented using the statistic

R =
WX −WBB

WCM −WBB

where (WX ,WBB ,WCM) represents welfare under the experiment, balanced
budget, and complete markets, respectively.
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Robustness

Experiment 1: Misperception of Persistence Parameters

I Assume simple model with no capital, a two-state Markov chain for gt , and
that the government can hold bonds of maturities 1 and N.

5.1.2. Misperceiving states of the world

The previous subsection focused on a minor deviation from complete markets. The government still issued enough
securities (2—the number of states of the world) to achieve the complete market outcome but because of misperceptions
failed to do so. In this subsection a more serious failure is considered—the government continues to issue 2 securities but
there exist three states of the world. As well as government expenditure taking on a high and a low value it can also with
small probability take on a very large value, gW(as would be the case with a war). Specifically the economy is characterized
by a transition matrix

p 1�p 0

1�p p�pW pW

0:05 0:9 0:05

0
B@

1
CA

but the government perceives only a transition matrix between two states as in Section 5.1.1. With initial g0 ¼ gH , if pW ¼ 0
the government is correct in believing that wars cannot occur. Fig. 5 shows the value of Rð�,�Þ as pW varies from 0 to 0.05.
Even for very small values of pW there is a sharp fall in welfare such that it is often optimal to follow a balanced budget
rather than the complete market outcome.

Table 4
Robustness misperceptions across maturities.a

p�HH maxR R minR

0.99 �1.384 �3.319 �8.290

0.98 0.377 �0.067 �2.740

0.97 0.841 0.750 �0.026

0.96 0.974 0.962 0.818

0.95 1.000 1.000 1.000

0.94 0.987 0.982 0.727

0.93 0.959 0.944 �0.434

0.92 0.927 0.901 �3.269

0.91 0.894 0.857 �8.840

0.90 0.863 0.815 �17.998

0.89 0.834 0.776 �30.565

0.88 0.807 0.739 �44.899

0.87 0.782 0.705 �58.576

0.86 0.760 0.674 �69.745

0.85 0.739 0.645 �77.849

0.84 0.720 0.618 �83.321

0.83 0.703 0.593 �86.930

0.82 0.687 0.570 �89.365

0.81 0.672 0.548 �91.104

a Welfare loss across maturities when government misspecifies persistence of shocks in an endowment model with expenditure shocks (Rð�Þ ¼ 1 no

welfare loss, Rð�Þo0 balanced budget dominates).
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structural information.
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Robustness

Experiment 1: Misperception of Persistence Parameters

I Notation: R is the welfare statistic for N = 30. maxR is under the best
N ∈ [2, 30]. minR is under the worst N ∈ [2, 30].
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Robustness

Experiment 1: Misperception of Persistence Parameters

I Substantial welfare losses relative to CM even in best case, worst cases
catastrophically worse than BB.

5.1.2. Misperceiving states of the world

The previous subsection focused on a minor deviation from complete markets. The government still issued enough
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but the government perceives only a transition matrix between two states as in Section 5.1.1. With initial g0 ¼ gH , if pW ¼ 0
the government is correct in believing that wars cannot occur. Fig. 5 shows the value of Rð�,�Þ as pW varies from 0 to 0.05.
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Robustness

Experiment 2: Unperceived Disaster State

I Now assume that the government believes that gt follows a two-value
Markov chain, but in fact there is a third “disaster” state with very high
expenditures.

5.1.3. Misperceiving the discount rate

In this section we show how errors in estimating the discount rate again lead to it being better to use a balanced budget
rather than issue debt. Consider the case where the agents discount rate is b¼ 0:98 but the government has beliefs in the
range (0.93,0.98). Fig. 6 shows the welfare performance across the various combinations. For the case of issuing a 1 and 30
period bonds any incorrect beliefs over the discount factor lead to a worse outcome than a balanced budget. This example
also illustrates another non-robustness problem. We documented in Section 5.1.1 that when governments made mistakes
about the persistence of shocks there was some evidence that issuing long bonds was the most robust policy. However, in
the case of errors in the discount rate issuing long bonds is usually worse than the balanced budget.

5.2. Transaction costs

In this subsection once more the case in which the government has perfect knowledge is considered but now allowing
for transaction costs. Assuming the government pursues the complete market approach to debt management even when
markets are transaction costs this section calculates the level of transaction costs that would make the government
indifferent between pursuing this approach or a balanced budget. Specifically the level of transaction costs TC is calculated
such that if government spending is actually gt+TC and government follows complete markets optimal debt management
the welfare achieved is the same as under balanced budget (and, therefore, zero transaction costs).

In the case of only government expenditure shocks in Table 1 m¼ 1 a miniscule level of transaction costs equal to
0.016% of steady state government expenditure (equivalent to 0.003% of the absolute value of debt issued) are sufficient for
the government to prefer a balanced budget. In the case of both productivity and expenditure shocks the level of
transaction costs required to be indifferent with a balanced budget is 0.02% of steady state expenditure and 0.002% of the
absolute value of debt issued. Arguably actual transaction costs for issuing actual debt are much larger than 0.002%,
specially if the spread between borrowing and lending rates is supposed to reflect the presence of transaction costs.

This section has shown through a series of examples how explicitly introducing market incompleteness often produces
outcomes where governments would rather avoid the insights of the complete market approach. This result echoes Siu
(2004) who analyses the role of unexpected inflation as a means of varying the ex post real return on debt in a Ramsey
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Robustness

Experiment 3: Misperception of Discount Factor

I You get the idea...

5.1.3. Misperceiving the discount rate
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Conclusion

Conclusion

I Results show that completing markets using the maturity structure requires
huge (and counterfactual) asset positions.

I Even qualitative implications are difficult to pin down — sign of positions is
very sensitive to model, parameters, and state variables.

I Extreme positions needed to complete markets may lead to welfare losses
relative to balanced budget if the government’s technology is imperfect.

I Aside: could a government with robust concerns or transactions costs design
a policy that is better than balanced budget?
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